A perturbation and generic smoothness of the Vafa-Witten moduli spaces
  on closed symplectic four-manifolds by Tanaka, Yuuji
ar
X
iv
:1
41
0.
16
91
v2
  [
ma
th.
DG
]  
10
 Ju
l 2
01
8 A perturbation and generic smoothness of the
Vafa–Witten moduli spaces on closed symplectic
four-manifolds
Yuuji Tanaka
Abstract
We prove a Freed–Uhlenbeck style generic smoothness theorem for
the moduli space of solutions to the Vafa–Witten equations on a closed
symplectic four-manifold by using a method developed by Feehan for
the study of the PU(2)-monopole equations on smooth closed four-
manifolds. We introduce a set of perturbation terms to the Vafa–
Witten equations, and prove that the moduli space of solutions to the
perturbed Vafa–Witten equations on a closed symplectic four-manifold
for the structure group SU(2) or SO(3) is a smooth manifold of di-
mension zero for a generic choice of the perturbation parameters.
1 Introduction
In this article, we consider the Vafa–Witten equations ([VW], [Ma], [Ha],
[W]) on a compact symplectic four-manifold. First let us introduce the
equations in their original form.
The Vafa–Witten equations. Let X be a closed, oriented, smooth Rie-
mannian four-manifold with Riemannian metric g, and let P → X be a
principal G-bundle over X with compact Lie group G. We denote by AP
the set of all connections of P and by Ω+(X, gP ) the set of self-dual two-
forms valued in the adjoint bundle gP of P . We consider the following
equations for a triple (A,B,Γ) ∈ AP ×Ω+(X, gP )× Ω0(X, gP ):
dAΓ + d
∗
AB = 0, (1.1)
F+A +
1
8
[B.B] +
1
2
[B,Γ] = 0, (1.2)
where [B.B] ∈ Ω+(X, gP ) is defined by a point-wise Lie-algebraic structure
on Λ+ together with the bracket of gP (see [Ma, §A.1] or [Ta, §2] for more
1
2detail). We call these equations the Vafa–Witten equations. The equations
(1.1) and (1.2) with a gauge fixing equation form an elliptic system with the
index always being zero.
The equations on compact symplectic four-manifolds and a per-
turbation. We rewrite the equations (1.1) and (1.2) when the underlying
manifold X is a compact symplectic four-manifold.
Let X be a compact symplectic four-manifold with symplectic form ω.
We take an almost complex structure J compatible with the symplectic form
ω. In this setting, the equations (1.1) and (1.2) can be written as follows
(see Section 2 for more detail).
∂¯Aα+ ∂¯
∗
Aβ = 0,
F 0,2A +
1
2
[α, β] = 0, ω2 ∧
(
iΛF 1,1A +
1
2
[α,α∗]
)
+ [β, β∗] = 0,
where Λ := (∧ω)∗, and α ∈ Ω0,0(X, gP ), β ∈ Ω0,2(X, gP ).
We then introduce the following perturbation for the Vafa–Witten equa-
tions on a compact symplectic four-manifold:
∂¯Aα+ ∂¯
∗
Aβ + ρ(θ)(α+ β) = 0, (1.3)
F 0,2A +
1
2
τ1[α, β] = 0, ω
2 ∧
(
iΛF 1,1A +
1
2
τ2[α,α
∗]
)
+ τ3[β, β
∗] = 0, (1.4)
where ρ : T ∗X ⊗C→ HomC(Λ0,0 ⊕ Λ0,2,Λ0,1) is the Clifford multiplication
map, τ1 ∈ Cr(GL(Λ0,2)), τ2 ∈ Cr(GL(Λ0,0)), τ3 ∈ Cr(GL(Λ2,2)) and θ ∈
T ∗X⊗C are perturbation parameters. We write τ := (τ1, τ2, τ3), and denote
by P1 the Banach space of the perturbation parameters (τ, θ), namely, we
set P1 := Cr(GL(Λ0,2))× Cr(GL(Λ0,0))× Cr(GL(Λ2,2))× Cr(Λ1 ⊗ C).
This perturbation does not depend upon connections. Hence, one needs
not be careful about the compatibility with the bubbling-off of connections.
Generic smoothness of the moduli spaces. Before stating results in
this article, let us introduce some terminology here first.
Definition 1.1. A connection A of a principal G-bundle over X is said to be
irreducible if the stabilizer ZA in GP coincides with the centre of the group
G, and reducible otherwise.
We also introduce the following notion of rank for sections.
3Definition 1.2. We say a gP -valued form α + β ∈ Γ(gP ⊗ (Λ0,0 ⊕ Λ0,2))
is of rank r if, when considered as a section of Hom((Λ0,0 ⊕ Λ0,2)∗, gP ), the
section (α + β)(x) has rank less than or equal to r at every point x ∈ X
with equality at some point.
We then denote by M∗⋄(τ, θ) the moduli space of solutions (A, (α, β))
to the perturbed Vafa–Witten equations (1.3) and (1.4) with A irreducible,
α− α¯ = 0 and α+ β being of rank three. We prove the following in Section
3:
Proposition 1.3. Let X be a closed symplectic four-manifold, and let P →
X be a principal G-bundle over X, where we assume that G is either SU(2)
or SO(3). Then there is a first category subset P ′1 ⊂ P1 such that, for
each (τ, θ) ∈ P1 \ P ′1, the moduli space M∗⋄(τ, θ) is a smooth manifold of
dimension zero.
Here, a subset of S′ of a topological space S is said to be a first category
subset if S′ is a countable union of closed subsets of S with empty interior.
We mean a generic choice of elements in S by taking an element from S \S′.
We next consider irreducible solutions to the equations with rank less
than or equal to two, and show that there are no such solutions for a generic
choice of perturbation parameters. In order to do this we further perturb the
equations, that corresponds to moving metrics or almost complex structures
of the underlying manifold. More precisely, we introduce an extra pertur-
bation parameter f ∈ Cr(GL(T ∗X)), and consider the following equations:
∂¯A,fα+ ∂¯
∗
A,fβ + ρ(f(θ))(α+ β) = 0, (1.5)
P 0,2f (FA) +
1
2
τ1[α, β] = 0, ω
2 ∧
(
iΛP 1,1f (FA) +
1
2
τ2[α,α
∗]
)
+ τ3[β, β
∗] = 0,
(1.6)
where P 0,2f and P
1,1
f are the projections to (0, 2) and (1, 1)-parts with respect
to the almost complex structure f∗J , and
∂¯A,f :=
∑
f(vi) ∧∇A,vi , ∂¯∗A,f := −
∑
ι(f(vi))∇A,vi ,
where {vi} is an orthonormal frame of Λ0,1, and {vi} is its dual. These ∂¯A,f
and ∂¯∗A,f can be seen as a variation of the Dirac operator corresponding to
moving metrics or almost complex structures of the underlying manifold.
We denote by P2 := Cr(GL(T ∗X)) × Cr(Λ1 ⊗ C) the perturbation pa-
rameter space and byM∗,0(f, θ) the moduli space of solutions (A, (α, β)) to
the equations (1.5) and (1.6) with A irreducible, α− α¯ = 0 and (α, β) 6= 0.
We prove the following in Section 4:
4Proposition 1.4. Let X be a closed symplectic four-manifold, and let P →
X be a principal G-bundle over X, where the structure group G is either
SU(2) or SO(3). Then there is a first category subset P ′2 ⊂ P2 such that
for all (f, θ) ∈ P2 \ P ′2, the moduli space M∗,0(f, θ) contains no solutions
(A, (α, β)) to the perturbed Vafa–Witten equations (1.5) and (1.6) such that
A is irreducible, α− α¯ = 0 and α+ β is of rank one or two.
Our proof of Proposition 1.4 invokes a series of ideas by Feehan [F]
in the study of the PU(2)-monopole equations, which uses a version of
the Sard–Smale theorem (see Section 4.1). Note that Teleman [Te] inde-
pendently obtained a similar generic-parameter smoothness result for the
PU(2)-monopole moduli spaces on closed four-manifolds as well.
We now take P = Cr(GL(T ∗X)) × Cr(GL(Λ0,2)) × Cr(GL(Λ0,0)) ×
Cr(GL(Λ2,2))×Cr(Λ1⊗C) as the perturbation parameter space. Combining
Propositions 1.3 and 1.4 above, we obtain the following:
Theorem 1.5. Let X be a closed symplectic four-manifold, and let P →
X be a principal G-bundle over X, where the structure group G is either
SU(2) or SO(3). We denote by M∗,0(f, τ, θ) the moduli space of solutions
(A, (α, β)) to the perturbed Vafa–Witten equations (1.5) and (1.6) with A
irreducible, α− α¯ = 0 and (α, β) 6= 0. Then there is a first category subset
P ′ ⊂ P such that for all (f, τ, θ) ∈ P \ P ′, the moduli space M∗,0(f, τ, θ) is
a smooth manifold of dimension zero.
Note that the Cr-perturbation parameter space P and its first category
subset in the above theorem can be replaced by C∞-perturbation parameter
space and its first category subset by using an argument by Feehan–Leness
[FL, §5.1.2].
Acknowledgements. I would like to thank Kael Dixon and Alex Kinsella
for helpful conversations to improve the presentation of this article.
2 Perturbations
We recall some descriptions of Spinc-structures and the Dirac operators on
compact symplectic manifolds in Section 2.1. We then describe the pertur-
bations to the equations on compact symplectic four-manifolds in Sections
2.2 and 2.3.
52.1 Spinor bundles and the Dirac operator on symplectic
manifolds
A general reference for Spinc-structures and the Dirac operators is [LM].
Spinor bundles. A spinor bundle S splits into the direct sum of vector
bundles S+ and S−, where S+, S− are the eigenspaces of the Clifford element
of ±1 eigenvalues respectively. If X is an oriented smooth four-manifold
with Spinc-structure, we have the following isomorphism induced from the
Clifford multiplication:
T ∗X ⊗ C ∼= HomC(S+, S−).
See [Mo] (or [F, A.3]) for a proof. If X is an almost complex four-manifold,
this isomorphism can be written as
T ∗X ⊗ C ∼= HomC(Λ0,0 ⊕ Λ0,2,Λ0,1).
The Dirac operator on symplectic manifolds. Let E be a vector
bundle on X. The Dirac operator DA associated to a connection A on E is
given by the composition:
Γ(S)
∇A−−→ Γ(T ∗X ⊗ (S ⊗ E)) metric−−−−→ Γ(TX ⊗ (S ⊗ E)) ρ−→ Γ(S ⊗ E),
where ρ is the Clifford multiplication map.
In the almost complex case, the Dirac operator is written as
DA =
√
2(∂¯A + ∂¯
∗
A),
where A is a connection on E. Thus, if the underlying manifold X is a
symplectic four-manifold, the Dirac equations become ∂¯Aα+∂¯
∗
Aβ = 0, where
α ∈ Ω0,0(E), β ∈ Ω0,2(E).
2.2 The equations on symplectic four-manifolds and a per-
turbation
Let X be a compact symplectic four-manifold with symplectic form ω, and
let P be a principal G-bundle over X, where G is a compact Lie group. We
take an almost complex structure J compatible with the symplectic form ω.
Let us rewrite the equations (1.1) and (1.2), when the underlying mani-
fold is a compact symplectic four-manifold. This was thoroughly described
by Mares [Ma, §7]. We follow his notations. First we denote an orthonormal
6frame of Λ1 by {e0, e1, e2, e3}. We write dz1 = e0 + ie1, dz2 = e2 + ie3.
Note that we have ω = e0 ∧ e1 + e2 ∧ e3. We write B ∈ Ω+(gP ) as
B = B1(e
0 ∧ e1+ e2 ∧ e3) +B2(e0 ∧ e3+ e3 ∧ e1) +B3(e0 ∧ e3 + e1 ∧ e2). We
then define α ∈ Ω0,0(X, gP ) and β ∈ Ω0,2(X, gP ) by
α := Γ + iB1, β := −1
2
(B2 + iB3)dz¯
1 ∧ dz¯2.
Note that B can be written as B = B1ω+β+ β
∗. Note also that α− α¯ = 0
if A is irreducible, since Γ = 0 in this case.
With these notations, the equations (1.1) and (1.2) are rewritten as
follows.
∂¯Aα+ ∂¯
∗
Aβ = 0, (2.1)
F 0,2A +
1
2
[α, β] = 0, ω2 ∧
(
iΛF 1,1A +
1
2
[α,α∗]
)
+ [β, β∗] = 0, (2.2)
where Λ := (∧ω)∗.
Perturbation. We consider the following perturbed Vafa–Witten equa-
tions:
∂¯Aα+ ∂¯
∗
Aβ + ρ(θ)(α+ β) = 0, (2.3)
F 0,2A +
1
2
τ1[α, β] = 0, ω
2 ∧
(
iΛF 1,1A +
1
2
τ2[α,α
∗]
)
+ τ3[β, β
∗] = 0, (2.4)
where ρ : T ∗X ⊗C→ HomC(Λ0,0⊕Λ0,2,Λ0,1) is the Clifford multiplication,
τ1 ∈ Cr(GL(Λ0,2)), τ2 ∈ Cr(GL(Λ0,0)), τ3 ∈ Cr(GL(Λ2,2)) and θ ∈ T ∗X⊗C
are perturbation parameters.
Note that this perturbation does not involve connections. In Section 3,
we prove that the moduli space of solutions to the above equations (2.3)
and (2.4) with A irreducible, α− α¯ = 0 and α + β being of rank three is a
smooth manifold of dimension zero for a generic choice of the perturbation
parameters.
2.3 Further perturbation
Following Feehan [F, §3], we consider a perturbation of the Dirac operator.
We take f ∈ Cr(GL(T ∗X)), and consider the following:
∂¯A,f :=
∑
f(vi) ∧∇A,vi , ∂¯∗A,f := −
∑
ι(f(vi))∇A,vi ,
7where {vi} is an orthonormal frame of Λ0,1 and {vi} is its dual. These ∂¯A,f
and ∂¯∗A,f can be seen as a variation of the Dirac operator corresponding to
moving metrics or almost complex structures of the underlying manifold.
We then consider the following equations:
∂¯A,fα+ ∂¯
∗
A,fβ + ρ(f(θ))(α+ β) = 0, (2.5)
P 0,2f (FA) +
1
2
τ1[α, β] = 0, ω
2 ∧
(
iΛP 1,1f (FA) +
1
2
τ2[α,α
∗]
)
+ τ3[β, β
∗] = 0,
(2.6)
where θ ∈ T ∗X ⊗ C, P 0,2f and P 1,1f are the projections to (0, 2) and (1, 1)-
parts with respect to the almost complex structure f∗J . We denote the left
hand side of (2.5) by
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(α+ β).
As in [F, Lem. 3.2], the differential of the above perturbed Dirac operator(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
is given by
D
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(A,(f,θ))
(a, f , θ)(a+ b)
=
∑
f(vi) ∧ ∇A,via−
∑
ι(f(vi))∇A,vib
+ ρ(f(a))(a+ b) + ρ(f(θ))(a+ b),
where a ∈ Ω1(gP ), f ∈ Cr(gl(T ∗X)), θ ∈ Cr(Λ1 ⊗ C) and a ∈ Ω0(gP ), b ∈
Ω0,2(gP ).
In Section 4, we prove that there are no rank one or two solutions
(A, (α, β)) to the equations (2.5) and (2.6) with A irreducible, α − α¯ = 0
and (α, β) 6= 0 for a generic choice of perturbation parameters.
3 Generic smoothness for the rank three case
In this section, we prove Proposition 1.3. In order to do that we consider the
parametrized moduli space, and prove that it is a smooth manifold (Propo-
sition 3.1). Then Proposition 1.3 follows from Proposition 3.1.
3.1 Parametrized moduli space
Let X be a compact symplectic four-manifold with symplectic form ω, and
let P be a principal G-bundle over X. From now on, G is either SU(2)
or SO(3). We take an almost complex structure J compatible with the
symplectic form ω.
8We denote by A2k(P ) the L2k-completion of the space of connections on
P , and by G(P ) = G2k+1(P ) the L2k+1-completion of the gauge group. We
set
C(P ) := A2k(P )× L2k(gP ⊗ (Λ0,0 ⊕ Λ0,2)),
and P1 := Cr(GL(Λ0,2))×Cr(GL(Λ0,0))×Cr(GL(Λ2,2))×Cr(Λ1⊗C). This
P1 is the parameter space for the perturbation described in Section 2.2. We
denote the quotient C(P )/G(P ) by B(P ).
We define
s : C(P ) ×P1 → L2k−1
(
gP ⊗ Λ0,1
)× L2k−1 (gP ⊗ (Λ0,2 ⊕ Λ1,1))
by s (A, (α, β), τ, θ) := (s1(A, (α, β), τ, θ), s2(A, (α, β), τ, θ)), where
s1(A, (α, β), τ, θ) := ∂¯Aα+ ∂¯
∗
Aβ + ρ(θ)(α+ β),
s2(A, (α, β), τ, θ) := F
0,2
A +
1
2
τ1[α, β] + ΛF
1,1
A ∧ ω
+
1
2
τ2[α,α
∗] ∧ ω + Λτ3[β, β∗].
This is a G(P )-equivariant map, where the action of G(P ) on P1 is taken to
be trivial. Here ρ : T ∗X ⊗C→ HomC(Λ0,0 ⊗Λ0,2,Λ0,1) is the Clifford mul-
tiplication map, and τ := (τ1, τ2, τ3) ∈ P1. We say M(P ) := s−1(0)/G(P ) ⊂
B(P )× P1 the parametrized moduli space.
We denote by B∗⋄(P ) gauge equivalence classes of pairs (A, (α, β)) ∈ C(P )
with A irreducible, α − α¯ = 0 and α + β being of rank three. We set
M∗⋄ (P ) :=M(P ) ∩ (B∗⋄(P )× P1). We then have the following:
Proposition 3.1. The zero set s−1(0) in B∗⋄(P )×P1 is regular, in particular,
the parametrized moduli space M∗⋄ (P ) is a smooth Banach submanifold of
B∗⋄(P )× P1.
We prove Proposition 3.1 in Section 3.2. Proposition 1.3 follows from
Proposition 3.1 as described below.
Proof of Proposition 1.3. Note that s is a Fredholm section if it is restricted
to B(P ) × {(τ, θ)} for a perturbation parameter (τ, θ). Thus, by the Sard–
Smale theorem ([DK, Prop 4.3.11]), there exists a first category subset P ′1
such that the zero set of s in B∗⋄(P ) is regular for (τ, θ) ∈ P1 \ P ′1. Hence,
M∗⋄(τ, θ) = s−1(0) ∩ B∗⋄(P ) is a smooth manifold for generic Cr-parameters
(τ, θ).
93.2 Proof of Proposition 3.1
In this section, we prove Proposition 3.1. We follow an argument by Feehan
[F, §2.2] (see also [DK, §4.3.5]). First we consider the linearisation Ds =
(Ds1,Ds2) : L
2
k(gP ⊗Λ0,1)×L2k(gP ⊗(Λ0,0⊕Λ0,2))×P1 → L2k−1(gP ⊗Λ0,1)×
L2k−1(gP ⊗ (Λ1,1 ⊕ Λ0,2)) of s at (A, (α, β), τ, θ) ∈ s−1(0), where
Ds1((τ , θ), a, (a, b)) = ∂¯Aa+ ∂¯
∗
Ab+ ρ(θ)(a+ b) + ρ(θ)(α + β),
Ds2((τ , θ), a, (a, b)) = ∂¯Aa+ ∂Aa+
1
2
τ1 ([a, β] + [α, b]) +
1
2
τ1τ1[α, β]
+
1
2
τ2 ([α, a
∗] + [a, α∗]) ∧ ω + 1
2
τ2τ2 ([α,α
∗]) ∧ ω
+ Λτ3 ([β, b
∗] + [b, β∗]) + Λτ3τ3 ([β, β
∗]) .
We then suppose for a contradiction that there exists (δ, v) ∈ C0(gP ⊗
Λ0,1)× C0(gP ⊗ (Λ1,1 ⊕ Λ0,2)) with (δ, v) 6= 0 such that
〈Ds1(a, (a, b), τ , θ), δ〉L2 = 0, 〈Ds2(a, (a, b), τ , θ), v〉L2 = 0. (3.1)
By setting (a, b) = 0 in the first equation of (3.1), we get
〈ρ(θ)(α + β), δ〉L2 = 0 (3.2)
for θ ∈ Cr(Λ1 ⊗ C).
Lemma 3.2. Assume that α+β ∈ C0(gP ⊗ (Λ0,0⊕Λ0,2)) and δ ∈ C0(gP ⊗
Λ0,1) satisfy (3.2). Then α+ β and δ have orthogonal images in gP at each
point of X, in particular,
rankR (α+ β)(x) + rankR δ(x) ≤ 3
at each point x ∈ X.
proof. In (3.2), θ ∈ Cr(Λ1 ⊗ C) is arbitrary, thus, we get the point-wise
identity
〈ρ(θx)(α + β)(x), δ(x)〉x = 0
for all θx ∈ (T ∗X)x ⊗ C.
We then recall the following.
Lemma 3.3 ([F], Lem. 2.3). Let U and V be complex vector spaces with
dimU ≤ dimV , and let W be a real vector space. We take M ∈ U∗ ⊗R W
and N ∈ V ∗ ⊗R W . Then, if 〈MP,N〉V ∗⊗RW = 0 for all P ∈ HomC (V,U),
we get RanM ⊥ RanN in W , in particular, rankRM+rankRN ≤ dimRW .
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Since ρ gives a complex linear isomorphism
(T ∗X)x ⊗R C→ HomC(Λ0,1 ⊕ Λ0,2,Λ0,1)x,
we can invoke Lemma 3.3 to obtain the assertion.
As (A, (α, β)) ∈ C∗⋄(P ) and α+ β is Cr for some r, there is a non-empty
open subset U ⊂ X on which rankR (α + β)(x) = 3 for all x ∈ U . Then
Lemma 3.2 implies that rank δ(x) = 0 for all x ∈ U , namely, δ ≡ 0 on U .
In a similar way, by setting (a, (a, b)) = 0 in the second equation of (3.1),
we get〈
1
2
τ1τ1[α, β] +
1
2
τ2τ2[α,α
∗] ∧ ω + Λτ3τ3[β, β∗]), v
〉
L2(X)
= 0 (3.3)
for all τ1 ∈ Cr(gl(Λ0,2)), τ2 ∈ Cr(gl(Λ0,0)) and τ3 ∈ Cr(gl(Λ2,2)).
Lemma 3.4. If v ∈ C0(gP⊗(Λ1,1⊕Λ0,2)) and α+β ∈ C0(gP⊗(Λ0,0⊕Λ0,2))
satisfy (3.3), then v and 12τ1[α, β]+
1
2τ2[α,α
∗]∧ω+Λτ3[β, β∗] ∈ Hom ((Λ1,1⊕
Λ0,2)∗, gP ) have orthogonal images in gP at each point in X, in particular,
rankR v(x) + rankR
(
1
2
[α, β] +
1
2
[α,α∗] ∧ ω + Λ[β, β∗]
)
(x) ≤ 3
at each x ∈ X.
proof. As τ1 ∈ Cr(gl(Λ0,2)), τ2 ∈ Cr(gl(Λ0,0)) and τ3 ∈ Cr(gl(Λ2,2)) are
arbitrary, we get the following point-wise identity:〈(
1
2
τ1τ1[α, β] +
1
2
τ2τ2[α,α
∗] ∧ ω + Λτ3τ3[β, β∗]
)
(x), v(x)
〉
x
= 0
for all τ1(x) ∈ Cr(gl(Λ0,2|x)), τ2(x) ∈ Cr(gl(Λ0,0|x)), τ3(x) ∈ Cr(gl(Λ2,2|x))
and for all x ∈ X. Then we again invoke Lemma 3.3 to obtain the assertion.
The following is due to Mares [Ma, §4.1.1].
Lemma 3.5 ([Ma]). Let (A,α+β) be an irreducible solution to the equation,
and let x ∈ X. Then rankR
(
1
2 [α, β] +
1
2 [α,α
∗] ∧ ω + Λ[β, β∗]) (x) = 3 if and
only if rankR (α+ β)(x) = 3.
From Lemma 3.5, if rank (α+β)(x) = 3 for all x ∈ U , then rankR 12 [α, β]+
1
2 [α,α
∗] ∧ ω + Λ[β, β∗])(x) = 3 for all x ∈ U . Thus Lemma 3.4 implies
rank v(x) = 0 for all x ∈ U . Therefore, v ≡ 0 on U . Hence (δ, v) ≡ 0 on
U . Thus by unique continuation for the Laplacian (Ds)(Ds)∗ implies that
(δ, v) ≡ 0 on the whole of X. This is a contradiction.
11
4 Non-existence of rank one and two cases
In this section, we prove Proposition 1.4. Except modifications stated as
Proposition 4.2 in Section 4.2 and Proposition 4.4 in Section 4.3, the proof
goes in a similar way to the case for the PU(2)-monopole equations by
Feehan [F]. In Section 4.1, we introduce some terminology and a version of
the Sard–Smale theorem from [F], which we use in the later sections. We
give a characterization of the rank one and two sections in Section 4.2. In
Section 4.3, we prove a surjectivity of some linear operator. We then prove
Proposition 1.4 in Section 4.4 by using the Sard–Smale theorem.
4.1 Banach spaces, Fredholm operators and the Sard–Smale
theorem
Let V be a Banach space. For each k ≥ 1, we define the infinite dimensional
Grassmannian by
Gk(V ) := {K ⊂ V : K is a k-dimensional subspace of V }.
We write P(V ) = G1(V ). We also define the infinite dimensional flag mani-
fold by
Fk(V ) := {(ℓ,K) ∈ P(V )×Gk(V ) : ℓ ⊂ K}.
We denote the projections by π1 : Fk(V )→ P(V ) and π2 : Fk(V )→ Gk(V ).
Note that both π1 and π2 are submersions (see Claims 4.2 and 4.3 in [F]).
We next consider a smooth submanifold Z ∈ P(V ). We set Ik(Z) :=
π2(π
−1
1 (Z)) ⊂ Gk(V ). As π1 is a submersion, I˜k(Z) := π−11 (Z) ⊂ Fk(V )
is a smooth submanifold. Note that, however, Ik(Z) is not necessarily a
submanifold.
Space of Fredholm operators. Let V1, V2 be Banach spaces. We denote
by Fredn(V1, V2) the space of bounded Fredholm operators of index n in
the Banach space of the bounded operators. In our case, we take V1 :=
L2k(gP ⊗ (Λ0,0I ⊕ Λ0,2)), where Λ0,0I := {α ∈ Λ0,0 : α − α¯ = 0} and V2 :=
L2k−1(gP ⊗ Λ0,1) in the subsequent sections. We define
Fredk,n := {A ∈ Fredn(V1, V2) : dimR kerA = k}.
We also define a map
π : Fredk,n(V1, V2)→ Gk(V1)
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by A 7→ kerA. This is smooth, and a submersion ([F, Lem. 4.5]). We then
define the following flag manifold for each Fredk,n(V1, V2):
Flagk,n(V1, V2) := {(ℓ,A) ∈ P(V1)× Fredk,n(V1, V2) : ℓ ∈ kerA}.
This Flagk,n(V1, V2) is a smooth submanifold of P(V1)×Fredk,n(V1, V2) and
the canonical map ̟ : Flagk,n(V1, V2) → Fk(V1) is a submersion (see [F,
Lem. 4.6]).
The Sard–Smale theorem. We state a version of the Sard–Smale theo-
rem from [F].
Proposition 4.1 ([F], Prop.4.12). Let C,P,F be C∞-Banach manifolds.
Suppose that M ⊂ C × P is a C∞-Banach submanifold, and the restriction
πM,P : M → P of the projection map πP : C × P → P is Fredholm. Let
v : M ⊂ C × P → F be a C∞-map which is transverse to a C∞-Banach
submanifold J ⊂ F . Then there exists a first category subset P ′ ⊂ P such
that the following holds. For all p ∈ P \ P ′,
• M := π−1M,P(p) is a C∞-manifold of dimension ind (πM,P)p <∞;
• v := v(·, p) :M → F is transverse to the submanifold J ⊂ F ; and
• Z := v−1(J ) ⊂M is a C∞-submanifold of codimension codim (Z,M) =
codim (J ,F).
We use this to prove Proposition 1.4 in Section 4.4.
4.2 Rank one and two loci
We take k ≥ 4 so that V1 = L2k−1(gP⊗(Λ0,0I ⊕Λ0,2)) ⊂ C0(gP⊗(Λ0,0I ⊕Λ0,2)).
We think of C0(gP ⊗ (Λ0,0I ⊕Λ0,2)) as C0
(
HomR
(
(Λ0,0I ⊕ Λ0,2)∗, gP
))
, and
define a determinant map
h : C0(gP ⊗ (Λ0,0I ⊕ Λ0,2))→ C0
(
det(Λ0,0I ⊕ Λ0,2)⊗ det(gP )
)
by ϕ ∈ C0(gP ⊗ (Λ0,0I ⊕ Λ0,2)) 7→ detϕ, where det(Λ0,0I ⊕ Λ0,2) = Λ3(Λ0,0I ⊕
Λ0,2) and det(gP ) = Λ
3gP . Then ϕ ∈ V1 with ϕ 6= 0 is of rank one or two if
and only if h(ϕ) = 0. We define
Z := {[ϕ] ∈ P(V1) : h(ϕ) = 0},
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where [ϕ] is the line R · ϕ ⊂ V1. We denote by Z ′ the smooth part of Z.
As in the case of the PU(2)-monopole equations [F, Lem 4.7], one obtains
the following:
Proposition 4.2. Let [ϕ] ∈ Z. We assume that {ϕ 6= 0} is a dense open
subset of X. Then the determinant map h : C0(gP ⊗ (Λ0,0I ⊕ Λ0,2)) →
C0
(
det(Λ0,0I ⊕ Λ0,2)⊗ det(gP )
)
vanishes transversely at ϕ, and [ϕ] is a
smooth point of Z. In addition, the tangent space T[ϕ]Z has both infinite
dimension and infinite codimension in T[ϕ]P(V1), in particular, we have
codim (Z ′,P(V1)) =∞.
proof. We take a local orthonormal frame {φ1, φ2, φ3} for gP , and local or-
thonormal frame {e1, e2, e3} for Λ0,0I ⊕ Λ0,2 on an open subset U ⊂ X so
that ϕ =

ϕ11 ϕ12 ϕ13ϕ21 ϕ22 ϕ23
ϕ31 ϕ32 ϕ33

. Then the differential of h at ϕ with respect to
these frame is given by
(Dh)ϕ(ϕ) =∑
σ∈S3
{
sgn(σ)
(
ϕ1σ(1)ϕ2σ(2)ϕ3σ(3) + ϕ1σ(1)ϕ2σ(2)ϕ3σ(3) + ϕ1σ(1)ϕ2σ(2)ϕ3σ(3)
)}
,
where ϕ =

ϕ11 ϕ12 ϕ13ϕ21 ϕ22 ϕ23
ϕ31 ϕ32 ϕ33

 ∈ C∞(U, gl(3,R)).
We now suppose for a contradiction that there exists ψ ∈ coker(Dh)ϕ so
that 〈(Dh)ϕ(ϕ), ψ〉L2 = 0 for all ϕ ∈ C0(V1). From the assumption, {ϕ 6= 0}
is dense in U , so the union of the complements of each zero set of ϕ′ijs is a
dense open subset of U , hence we get ψ ≡ 0 on U . Since U was arbitrary,
ψ ≡ 0 on X. This is a contradiction.
We denote by M∗,0(P ) the parametrized moduli space for the perturbed
Vafa–Witten equations (2.5) and (2.6) with A irreducible, α − α¯ = 0 and
(α, β) 6= 0. From Proposition 4.2, we get the following:
Corollary 4.3. If (A,ϕ = (α, β), τ, θ) is in M∗,0(P ) so that h(ϕ) = 0,
then [ϕ] is a smooth point of Z ⊂ P(V1), that is, π(M∗,0(P )) ⊂ Z ′, where
π :M∗,0(P )→ P(V1) is the projection.
For each k ≥ n, we now define
I˜k(Z) := π−11 (Z) ⊂ Fk(V1),
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and Ik(Z) := π2(I˜k(Z)) ⊂ Gk(V1). By Corollary 4.3, we only consider
Ik(Z ′) and I˜k(Z ′) for our purpose. As π1 : Fk(V ) → P(V ) is a submersion
([F, Claim 4.2]), I˜k(Z ′) is a smooth submanifold of Fk(V1) with codimension
codim(I˜k(Z ′),Fk(V1)) = codim(Z ′,P(V1)) =∞.
We put Jk(Z ′) := π−1(Ik(Z ′)) ⊂ Fredk,n(V1, V2), where π : Fredk,n(V1, V2)→
Gk(V1). We now define the rank one and two loci J˜k(Z ′) := ̟−1(I˜k(Z ′)) ⊂
Flagk,n(V1, V2), where ̟ : Flagk,n(V1, V2) → Fk(V1) is the canonical map.
As ̟ : Flagk,n(V1, V2) → Fk(V1) is a submersion ([F, Lem 4.6]), the rank
one and two loci J˜k(Z ′) is a smooth submanifold, and we get
codim(J˜k(Z ′),Flagk,n(V1, V2)) = codim(I˜k(Z ′),Fk(V1)) =∞.
4.3 A surjectivity
In this section and the upcoming one, we take P2 := Cr(GL(T ∗X))×Cr(Λ1⊗
C) as the perturbation parameter space, since the perturbation parameter
τ = (τ1, τ2, τ3) is not needed in the proof of Proposition 1.4.
We denote by C∗(P ) the set of pairs (A, (α, β)) ∈ C(P ) with A irreducible
and α− α¯ = 0. As in [F, §4.4] (see also [DK, §4.3.3]), we consider the period
map
v : C∗(P )× P2 → Fredn(V1, V2),
defined by (A, (α, β), f, θ) 7→
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
. The differential of v at
(A, (α, β), f, θ)
(Dv)(A,(α,β),f,θ) : T(A,(α,β))C∗(P )⊕ T(f,θ)P2 → HomR(V1, V2)
is given by (a, (a, b), f , θ) 7→ D
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(A,(f,θ))
(a, f , θ).
We denote by C∗,0(P ) the set of pairs (A, (α, β)) ∈ C(P ) with A irre-
ducible, α−α¯ = 0 and (α, β) 6= 0, and by B∗,0(P ) the quotient C∗,0(P )/G(P ).
We set M∗,0(P ) =M(P )∩ (B∗,0(P )×P2), where M(P ) is the parametrized
moduli space for the equations (2.5) and (2.6). In this section, we prove the
following:
Proposition 4.4. Let (A, (α, β), f, θ) ∈ M∗,0(P ). Then, the following is
surjective.
(Dv)(A,(α,β),f,θ)(0, ·) : {0} ⊕ T(f,θ)P2 → Tv(A,(α,β),f,θ)Fredn (V1, V2).
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proof. A proof here is a modification of that of [F, Prop. 4.9]. First we prove
the following lemma:
Lemma 4.5. Assume that (A, (α, β))) is a solution to the Vafa–Witten
equations (2.5) and (2.6) with A irreducible and (α, β) 6= 0 for some per-
turbation parameter (f, θ) ∈ P2. If b ∈ Ω0,0(X, gP ) ⊕ Ω0,2(X, gP ) and
d ∈ Ω0,1(X, gP ) satisfy
〈
D
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(A,(f,θ))
(f, θ), d⊗ b∗
〉
L2(X)
= 0
for all (f, θ), then d⊗ b∗ ≡ 0 on X.
proof. Suppose for a contradiction that d⊗ b∗ 6= 0 on X. By varying θ, we
see that b and d have orthogonal images in gP at each point x ∈ X from
Lemma 3.2. We then set U := {b 6= 0} ∩ {d 6= 0} ⊂ X. Then either b or d
defines a subbundle ξ1 ⊂ gP on U of rankR = 2. We define ξ2 := ξ⊥1 ⊂ gP |U
so that gP |U = ξ1 ⊕ ξ2. The connection A|U on gP |U also splits into the
following form:
A =
(
A1 −χ∗
χ A2
)
,
whereAi is a connection on ξi for i = 1, 2, and χ ∈ Ω1(U, ξ2⊗ξ∗1) is the second
fundamental form. As (A, (α, β)) is irreducible and non-zero section from the
assumption, χ 6= 0 on U ⊂ X. We suppose that b ∈ Ω0,0(U, ξ1)⊕Ω0,2(U, ξ1).
We then get
D
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(A,(f,θ))
(f , θ)b
=
4∑
i=1
(f(vi)) ∧ ∇A1,vib−
4∑
i=1
ι(f(vi))∇A1,vib+ ρ(f(θ))b+ ρ(f(χ))b.
This turns out to be 〈
ρ
(
f
x
(χx)
)
bx, dx
〉
x
= 0
at each x ∈ U and for all f
x
∈ gl(T ∗X)x. Hence we get dx ⊗ b∗x = 0 at each
x ∈ U with χx 6= 0. As dx ⊗ bx 6= 0 for all x ∈ U from the assumption, we
get χ = 0, thus, A|U is reducible.
On the other hand, by a similar argument by Feehan–Lenes [FL, §5.3],
one can obtain that, if A is reducible on a non-empty open subset U ⊂ X
and (α, β) 6= 0, A is reducible on X. This is a contradiction. Therefore,
U ⊂ X is empty and d⊗ b∗ ≡ 0 on X.
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We now suppose that (Dv)(A,(α,β),f,θ)(0, ·) is not surjective. Then, there
exist sections b ∈ L2k(V1) and d ∈ L2k−1(V2) with d⊗ b∗ 6≡ 0 on X such that
〈
D
(
∂¯A,(f,θ) + ∂¯
∗
A,(f,θ)
)
(A,(f,θ))
(f, θ)b, d
〉
= 0.
Then, from Lemma 4.5, we get d⊗b∗ ≡ 0. This is a contradiction. Therefore,
(Dv)(A,(α,β),f,θ)(0, ·) is surjective.
4.4 No rank one and two loci
In this section, we prove Proposition 1.4. As mentioned in the beginning of
Section 4, once Propositions 4.2 and 4.4 are obtained, the proof of Propo-
sition 1.4 goes along the same line with the case for the PU(2)-monopole
equations [F, §4.6]. Hence we give it sketchily.
First note that the map s : C∗,0(P )×P2 → L2k−1(gP ⊗Λ0,1)×L2k−1(gP ⊗
(Λ0,2 ⊕ Λ1,1)) is right semi-Fredholm, namely, the differential has closed
range and finite dimensional cokernel. In particular,
H
2
(A,(α,β),p) := (Im (Ds(·, p)))⊥(A,(α,β))
is a finite dimensional subspace of L2k−1(gP ⊗Λ0,1)×L2k−1(gP ⊗(Λ0,2⊕Λ1,1)).
We denote by Π(A,(α,β)) the L
2-orthogonal projection from L2k−1(gP⊗Λ0,1)×
L2k−1(gP ⊗ (Λ0,2 ⊕ Λ1,1)) to the Im (Ds(·, p))(A,(α,β)).
Let (c0, p0) ∈M∗,0(P ). We consider the following composition:
Π(c0,p0) ◦ s : B∗,0(P )× P2 →
(
H
2
(c0,p0)
)⊥
Then the differential at (c0, p0) of Π(c0,p0) ◦ s is surjective, in particular, it is
surjective on some open neighbourhood U(c0,p0) of (c0, p0) in C∗,0(P ) × P2.
We set
T(c0,p0) := U(c0,p0) ∩
(
Π(c0,p0) ◦ s
)−1
(0) ⊂ B∗,0(P )× P2.
We denote by πT ,P2 : T(c0,p0) → P2 the projection, and define T(c0,p0)|p :=
π−1T ,P2(p) ∩ T(c0,p0). We then prove the following:
Proposition 4.6. There is a first-category subset P ′2 ⊂ P2, depending on
(c0, p0) such that for any p ∈ P2 \ P ′2, T(c0,p0)|p contains no (A, (α, β), p)
with α+ β being of rank one nor two.
17
proof. The argument consists of the following three steps: first, we consider
the period map v defined from T(c0,p0) to Fredn (V1, V2). As the differ-
ential of v is not necessarily surjective, we stabilize the map to obtain a
submersion v′ : V(c0,p0) × T(c0,p0) → Fredn(V1, V2), where V(c0,p0) is some fi-
nite dimensional vector space in Tv(c0,p0)Fredn(V1, V2). Second, we lift the
stabilized period map v′ to V(c0,p0) × T(c0,p0) → Flagk,n(V1, V2) as the rank
one and two loci J˜k(Z
′) lives in Flagk,n(V1, V2). This is again not nec-
essarily a submersion, so we stabilize it to obtain a smooth submersion
w′ : Ck × W(c0,p0),k → Flagk,n(V1, V2), where W(c0,p0),k is a submanifold
of V(c0,p0) × Tc0,p0 with finite codimension. Third, we use the Sard–Smale
theorem (Proposition 4.1) to the w′ to obtain the assertion.
Step 1. First, we consider the period map v : T(c0,p0) → Fredn (V1, V2).
From Proposition 4.4, the operator
(Dv)(c0,p0) : {0} ⊕ Tp0P2 → Tv(c0,p0)Fredn (V1, V2)
is surjective. On the other hand, we have
T(c0,p0)T(c0,p0) + ({0} ⊕ Tp0P2) = H1(c0,p0) ⊕ Tp0P2,
where
H
1
(c0,p0)
:= ker (Ds(·, p0))(c0,p0)
= ker
(
Π(c0,p0) ◦ (Ds)(·, p0)
)
(c0,p0)
= ker (DπT ,P2)(c0,p0) ⊂ T(c0,p0)C∗,0(P ).
Hence, (Dv)(c0,p0) : H
1
(c0,p0)
⊕ Tp0P2 → Tv(c0,p0)Fredn (V1, V2) is surjective.
As [F, Lem 4.15], we also have the following isomorphism.(
H
1
(c0,p0)
⊕ Tp0P2
) ∼= T(c0,p0)T(c0,p0) ⊕ coker (DπT ,P2)(c0,p0) .
We then define the following finite dimensional vector space.
V(c0,p0) := (Dv)(c0,p0)
(
coker (DπT ,P2)(c0,p0)
) ⊂ Tv(c0,p0)Fredn (V1, V2) .
We denote the inclusion by i : V(c0,p0) → Tv(c0,p0)Fredn (V1, V2). We then
define
v′ : V(c0,p0) × T(c0,p0) → Fredn (V1, V2)
by v′(y, (c, p)) := i(y) + v(c, p) for (y, (c, p)) ∈ V(c0,p0) × T(c0,p0). As the dif-
ferential of v′ is surjective at (0, c0, p0), there exists an open neighbourhood
of the origin V(c0,p0) ⊂ V(c0,p0) such that the restriction
v′ : V(c0,p0) × T(c0,p0) → Fredn (V1, V2) (4.1)
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is a submersion.
We now consider the following for k ≥ n.
W(c0,p0),k := (V(c0,p0) × T(c0,p0)) ∩ (v′)−1(Fredk,n (V1, V2)).
As (4.1) is a submersion, the aboveW(c0,p0),k is a smooth submanifold with fi-
nite codimension in V(c0,p0)×T(c0,p0), thus, V(c0,p0)×T(c0,p0) =
⋃
k≥nW(c0,p0),k
is a countable disjoint union of smooth manifolds.
Step 2. We next lift the map v′ : W(c0,p0),k → Fredk,n (V1, V2) to a smooth
map
w :W(c0,p0),k → Flagk,n (V1, V2)
by (y, (A, (α, β)), p) 7→ ([(α, β)], i(y) + v((A, (α, β)), p). This is again not
necessarily a submersion, so we stabilize it as described below.
Let (y1, (c1, p1)) in W(c0,p0),k. Since a countable union of first category
subsets is a first category subset and W(c0,p0),k is paracompact, we only
consider a single open neighbourhood of (y1, (c1, p1)).
We take an orthonormal basis {b1,j}kj=1 of the kernel of v′(y1, (c1, p1)) =
i(y1) + v(c1, p1). We denote by
π(y,(c,p)) : L
2
k−1(gP ⊗ (Λ0,0 ⊕ Λ0,2))→ ker (i(y) + v(c, p))
the smooth family of L2-orthogonal projection. We then consider a smooth
map
w′ : Ck ×W(c0,p0),k → Flagk,n(V1, V2)
defined by
w′(z, y, c, p) 7→ ([(α, β) + π(y,(c,p))(
k∑
j=1
zjb1,j)], i(y) + v(c, p)),
where z = (z1, . . . , zk) ∈ Ck. As [F, Claim 4.18], the map w′ is a submer-
sion at (0, y1, (c1, p1)), thus W ′(c0,p0),k := (w′)−1
(
J˜k(Z
′)
)
is a C∞-Banach
submanifold of Ck ×W(c0,p0),k.
Step 3. We are now in a situation to invoke the Sard–Smale theorem (Prop.
4.1). Applying it to w′, we obtain a first category subset P ′2 ⊂ P2 such that
for p ∈ P2 \ P ′2
codimR
(
W ′(c0,p0),k|p,Ck ×W(c0,p0),k|p
)
= codimR
(
J˜k(Z ′),Flagk,n(V1, V2)
)
.
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Since codimR
(
J˜k(Z ′),Flagk,n(V1, V2)
)
=∞ but dimR
(
C
k ×W(c0,p0),k|p
)
<
∞, we deduce that W ′(c0,p0),k|p is empty.
We also have T(c0,p0)|p ∩ w|T(c0,p0)(·, p)−1(J˜k(Z ′)) ⊂ W ′(c0,p0),k|p. Since
W ′(c0,p0),k|p is empty, thus so is T(c0,p0)|p ∩ w|T(c0,p0)(·, p)−1(J˜k(Z ′)). Hence
T(c0,p0) has no rank one or two section α + β for dimker(∂¯A,p + ∂¯∗A,p) = k
and p ∈ P2 \ P ′2. Since a countable union of first category subsets is a first
category subset, we get the assertion by repeating this for k ≥ n.
Proof of Proposition 1.4. By Proposition 4.6,M∗,0(P )∩T(c0,p0) ⊂ T(c0,p0) has
no rank one nor two solution (A, (α, β), p) for p ∈ P2 \P ′2. By repeating this
argument for each (A, (α, β), p) ∈ C∗,0(P ) × P2, we obtain a first category
subset for each open neighbourhood of it. As C∗,0(P )× P2 is paracompact,
we can cover M∗,0(P ) by countable such open neighbourhoods. Since a
countable union of first category subsets of P2 is again a first category subset
of P2, we get the assertion.
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